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 THE DEVELOPMENT OF GEOMETRICAL METHODS.

 XIII.

 AMONG those who have contributed to the development of

 Infinitesimal Geometry, Sophus Lie is distinguished by several

 important discoveries which place him in the first rank. He

 was not one of those who showed from childhood a very

 marked aptitude, and when he was leaving the University of

 Christiania in 1865, he was still hesitating between Philology and

 Mathematics. It was Pliicker's works which made him fully

 conscious for the first time of his vocation. He published, in

 1869, his first paper on the interpretation of imaginaries in

 Geometry, and by 1870 he was in possession of the ideas which

 guided the whole of his career.

 At that time I often had the pleasure of meeting him, and of

 talking to him in Paris, which he was visiting with his friend,

 F. Klein. A course of lectures given by M. Sylow revealed to

 him the full importance of the theory of substitutions. The two

 friends studied this theory in C. Jordan's great treatise. ''hey

 were fully conscious of the important role that it was called

 upon to play in many branches of mathematical science in

 which it had not been as yet applied. They were both fortunate

 enough to succeed in giving to mathematical research the

 direction which appeared to them to be the most fruitful.

 In 1870 Sophus Lie presented to the Acade'mie des Sciences

 of Paris an extremely interesting discovery. Nothing is less like

 a sphere than a straight line, and yet Lie had imagined a singu-

 lar transformation which made a sphere correspond to a straight

 line, and therefore enabled him to connect every theorem rela-

 tive to straight lines with a theorem relative to spheres, and
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 vice versa. In this very remarkable method of transformation

 each property relative to the lines of curvature of a surface

 gives a theorem relative to the asymptotic lines of the trans-

 formed surface. The name of Lie will remain connected with

 these relations, which connect one to the other the straight line

 and the sphere, the two essential and fundamental elements of

 geometrical research. He developed them in a Memoir full of

 new ideas which appeared in 1872.

 The investigations which followed this brilliant debut fully

 confirmed the hopes which he had aroused. Pliicker's concep-

 tion of the generation of space by straight lines, by curves, or by

 surfaces arbitrarily chosen, opens to the theory of algebraical

 forms a field which has not been explored, and to which

 Clebsch has barely begun to assign the limits. But by the

 study of Infinitesimal Geometry the value of this conception

 was fully shown by Sophus Lie. The great Norwegian geometer

 first found in it the idea of congruences and complexes of curves,

 and then that of contact transformations, the first germ of

 which he had found (for the case of the plane) in Pliicker. The

 study of these transformations led him, simultaneously with

 Mayer, to perfect the methods of integration which Jacobi had

 invented for partial differential equations of the first order;

 in particular, it throws a dazzling light on the most difficult and

 obscure parts of the theories relative to partial differential equa-

 tions of a higher order. It enabled Lie, in particular, to integrate

 all the cases in which Monge's method of characteristics is fully

 applicable to equations of the second order with two inde-

 pendent variables.

 By continuing the study of these special transformations, Lie

 was led to construct progressively his masterly theory of con-

 tinuous groups of transformations, and to bring to light the

 important role played by the idea of groups in geometry.

 Among the essential elements of these researches I may point

 out the infinitesimal transformations, the idea of which was his

 exclusively.

 Three great treatises published under his direction by skilful

 and devoted collaborateurs contain the essential part of his work,

 and its applications to the theory of integration, to that of

 complex unities, and to non-Euclidean Geometry.

 XIV.

 Thus by an indirect path I have reached the non-Euclidean

 Geometry which is daily assuming greater importance in the

 researches of geometers. If I were the only speaker who is

 to address you on Geometry, I should be delighted to recall

 to your minds everything that has been done in this subject

 170
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 from the days of Euclid or, at any rate, from the time of

 Legendre up to the present day. Discussed in turn by the

 greatest geometers of last century, the question has pro-

 gressively enlarged its borders. It began with the celebrated

 postulate of parallels; it ends with the geometrical axioms as

 a whole.

 Euclid's Elements, which have resisted the wear and tear

 of so many centuries, at least will have the honour before

 they disappear of inspiring a long series of admirably con-

 nected treatises, which will contribute in the most efficacious

 manner to the progress of Mathematics. And at the same time

 they will provide philosophers with a sound and well-defined

 starting point for the study of the origin and formation of

 our knowledge. I am sure that my distinguished collaborateur

 will not forget among the problems of the present day that

 which perhaps is the most important, and to which he has devoted

 himself with so much success. To him I leave the task of

 developing it with all the fulness it assuredly merits.

 I have just spoken of the elements of Geometry. We must

 not forget the expansion they have undergone in the last five

 hundred years. The theory of polyhedra has been enriched by

 the beautiful discoveries of Poinsot on starred polyhedra, and

 by those of M6bius on single-faced polyhedra. Methods of

 transformation have widened the exposition of those elements.

 It may be said that the First Book now contains the ideas of

 translation and symmetry, that the second contains the theory

 of rotation and displacement, and that the third is based on

 inversion and the theory of homothetic figures.

 But it must be recognised that it is owing to Analysis that

 the Elements have been enriched by their finest propositions.

 To the highest Analysis we owe the inscription of regular

 polygons of 17 sides, and analogous polygons. To it we owe

 the long sought-for proofs of the impossibility of the squaring

 of the circle, and the impossibility of certain constructions

 with the ruler and the compass. Finally, it is to Analysis

 that we owe the first rigorous proofs of the maximum and

 minimum properties of the sphere. Geometry will now inter-

 vene where it has been preceded by Analysis.

 What will the Elements of Geometry be like at the end of the

 century which has just begun? Will there be one single ele-

 mentary Geometry? Perhaps America, with its schools freed

 from the fetters of courses and traditions, will give us the best

 solution of this important and difficult question. Von Staudt

 has sometimes been called the Euclid of the Nineteenth Century ;

 I should prefer to call him the Euclid of Projective Geometry;

 but will this Geometry, however interesting it may be, furnish

 us with the sole basis for the Elements of the future ?
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 XV.

 It is now time to bring to a close a summary that has

 already lasted too long, and yet there is a large number of

 interesting investigations which I have been compelled to pass

 over in silence. I should have liked to have told you of

 Geometries of any number of dimensions, the conception of

 which goes back to the early days of Algebra, but the systematic

 study of which was only begun some 60 years ago by Cayley

 and Cauchy. This subject of research has found favour in your

 country, and I need not remind you that your illustrious Presi-

 dent,* after having shewn himself a worthy successor of Laplace

 and Le Verrier, in a space which he with us considers as enjoy-

 ing three dimensions, has not disdained to publish in the

 Ameriican Joutrnal of Mathematics considerations of the

 greatest interest on the geometries of n dimensions. There

 is one objection, and one only, which may be levelled at

 researches of this kind, and it has already been raised by

 Poisson: the absence of any real basis, of any substratum

 which will enable us to present visibly, and as it were

 palpably, the real results obtained. The extension of the

 methods of Descriptive Geometry, and especially the use of the

 conceptions of Plicker on the generation of space will contribute

 to deprive this objection of much of its validity.

 I should also like to have spoken to you of the method of

 equipollences, of which we find the germ in the posthumous

 works of Gauss, of Hamilton's Quaternions, of the methods

 of Grassmann, and in general of systems of complex unities, of

 Analysis Situs, so intimately connected with the theory of

 functions, of the so-called Kinematic Geometry, of the theory

 of Abaci, of Geometrography, of the applications of Geometry

 to Natural Philosophy and to the Arts. But I am afraid

 lest some analyst, as happened once before, may accuse

 Geometry of wishing to annex every field of research.

 My admiration for Analysis, now so fruitful and so powerful,

 prevents my even thinking of such a step. But if any such

 reproach can be formulated in these days, it should not be

 addressed to Geometry, but, I think, to Analysis. The circle in

 which at the beginning of the nineteenth century the study of

 Mathematics appeared to be enclosed has been broken on all

 sides. The old problems are presented to us in a new form;

 new problems arise, and are investigated by legions of workers.

 The number of those who study Pure Geometry has become

 prodigiously restricted. Here is a danger against which we must

 guard. Let us not forget that if Analysis has acquired means of

 investigation which sometimes play it false, it largely owes them

 * Professor Simon Newcomb.
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 to the conceptions introduced by Geometers. Geometry must

 not remain buried, as it were, under its triumph. In its school

 we have learned, and our successors will have to learn, that

 we must never blindly trust to methods that are too general;

 that we must look at questions in themselves, and find in the

 particular conditions of each problem, either a direct road to a

 simple solution, or the means of applying in an appropriate

 manner the general processes which it is the duty of science

 as a whole to accumulate. As Chasles writes in the preface to

 his Apercu Historique: "The doctrines of Pure Geometry

 often offer, and in a host of questions, that simple and natural

 method which, penetrating to the origin of truths, lays bare the

 mysterious chain which unites them one to the other, and makes

 them individually known in the most complete and luminous

 manner."

 Let us then cultivate Geometry, which has advantages all

 its own, and has no desire to outstrip its rival at every point.

 Besides, even if we tried to neglect Geometry, it would not be

 long before it found, in the applications of Mathematics, as

 it found once before, an opportunity of regeneration and

 development. It is like the giant Antaeus, who grew stronger

 every time he touched his Mother Earth. G. DARBOUX.

 PROF. BRYAN'S "MEAN RATE OF INCREASE."

 A MECHANICAL ILLUSTRATION.

 THE Mean Rate of Increase which was investigated by Prof.

 Bryan in No. 48 of the Mathematical Gazette may evidently be

 thought of as the inclination of a straight line to an axis. The

 object of the following note is to point out an example in which

 this inclination naturally occurs.

 Consider a rigid straight rod suspended by vertical elastic

 wires PoQo, P1Q1, etc., from points P0, P1, etc., which are not in

 the same horizontal plane but at depths y0, Yl, etc., below a certain

 horizontal plane. Let the number of wires be 2m+1 and let

 P0Qo be the middle one. The following definitions are also

 needed:

 k = Natural length of each wire.

 I = Mean length of the wires.

 a = Mean value of the y's.

 e= Hooke's modulus of elasticity of wires.

 M= Mass of the rigid uniform rod.

 c = Distance between consecutive Q's.

 0= Inclination (supposed small) of rod to horizon.
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